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Abstract: This paper presents a unified and eflicient method
of solv ing the inverse kinematics for 6 d.of. serial conince-
tions of two 3 d.od. scrial and parallel manipulators. Based
onthekinematic analysis of 3 d.o. f. sciial and parallel ma-
nipulators, the forward kincinatics are formulated {o1 6 d.o. f.
st 1al conuections, including, parallel-parallel, serial-parallel,
I1Jalallcl-serial, andscrial-serialtypes. A unified inecthod of
solving the inve rse kincinatics for the serial connections is es-
tablished:Vor agiven task velocity, theinversekinematics of
two arius are obtained separately, thiereby significantly red ue-
ing a computational cost. This is made possible by project-
ing a given ve locity onto the infeasible velocity space of one
anin and solving the inverse kinenatics of the otheratmin -
dependently. Through computational analysis, the proposed
methodis shown to be effective for t he serial comections hav-
ing, a least one parallel manipulator .

Introduction

Most manipulators designed up 10 date are of the form
of c¢itherscerially o1 pavallelly connected kinematic chain. Se-
tial manipulators, such as PUIM A, arc robotic mcchanisims
which consist of aseries of active revolute 01 prismatic joints
connecling the base to the end-effector , and they are able to
achicve large workspace and high dexterity. Parallel manipu-
lators [1-6], such as the Stewart Platform, are robotic 111cc} 1-
amsmsw 11711 CO nsis of a set of parallel linbs, cacli having,
one active joint as well as passive joints 1equired 10 maintain
systc i tobility and controllability and connecting, the base
plate to the moving plate, and thicy are able to achieve high

stiflness and high force-to-weight ratio.

Several efforts 1 ave been made to incorporate the merits of
serial and parallclimanipulators by connecting theininserial.
The serial connections of serial and parallel inanipulators can
be categor ized into the following four types:

« Parall ¢l Parallel type in which two parallel atr ns arc
connected in serial, as shown in Fig.la. This ty} e of
scrial conmection was proposed in [7] to iinplement light
weight, stiff, and fast-moving manipulator systems.

o Setial-Pavallel type in which a parallel armn is mounted
on a set ial anin, as shown in Fig.l b. This type of
serial connection was proposed in (8] to Bplement a
micro manipulator/wrist system with high bandwidth
and high resolution.
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Pigure 1: Your types of serial conmections: a) parallel-parallel; h)
scrial-parallel, ¢) laalcl-serial, and Cl) sciial-scrial.

+ Parallel Serial type inwhich @ serial armis mounted on
a parallel a1, as shown in Iig.1c. This type of serial
conmectionisreverse to the previous type, and may be
uscfulto enhance the stability and strengt b of the lower
part of the scrial connection.

« Serial-Scrialtypein which two serial anns arc connected
in seilal, as shown in Fig .1d. This 4y e of serial con-
nection can be found in conventional serial arms decon-
posed at an intermediate point.

To put the serial connections of serial and parallel inanip-
ulators into practice, it is important to develop the eflicient
kineniatics of the serial connections. It is wel] known that for



serial nanipulators, the forward kinematics is straightfor ward
but the inverse kinemnatics is complicated, whereas theoppo
site is truc for parallel inanipulators. This is due to the fact
that there exists the duality between the screw and W rencl
axes [Q] However, little attention has beenmade to explore
the kinematics of the scrial connections of serial and patallel
maunipulators, characterized by the kinematic features of hoth
sei al and parallel manipulators. Waldron ¢t. al. (8] derived
both position and velocity kinematics {or the serial-parallel
type, aud Shahinpoor [} derived position kincmatics for the

parallel-paralle] type.

T'his paper presents @ unified and eflicient way of solving,
the invarse kincmatics for ¢ d.o.f. scrial connections of two
3 d.od. serial aud parallel anipulators. This paper is or-
ganmized as follows: In Section ?, we derive the forward and
inverse kincnatics of a 3 d.o. . serial and parallel manipula-
tors in 6 ditnensional task space. InSection 3, we establish a
unified method of solviug the mverse dinematics of the serial
connections and obtain the eflicient inverse kinematices solu-
tions for the serial connections having at least one parallel

armn.

For the analysis of computational cost associated with
the kinematics solutions, we calculate the number of multi-
plications, ignoringradditions involved. Yor notational conve-
nicnee, we define the {ollow ing;:

Co(I > mexn) or G (I x 3n) 2 the cost for multiplying, an
1 X mematiix and ay e X nomatiix or mulliplying an 1 X
matrix and ane x 1 vector.

Ci(n) ch the cost for inverting an n x 1 matrix.

. A . . .
Cyin X n) or C(a) = Lthe cost for solving 12 lincar equations
14 1
with 72 unknowns or s0Ivi nig o lincar cquations with o un -

kunowns.

Kinematics of 3D.0.F. Armn

In this scction, we derive the forward and inverse kine-
matics of 3 d.o. f. parallel and sei jal @ s working in 6
dimnensional task space. It is assumned for simplicity that a
serial ar has revolute joints only and a parallel has prisinatic
joints only. Howevar , hoth a serial arm with prismaticand
revolute joints and a parallelatm with revolute joinls can be
trcated within th ¢ came framework as in this papa [9].

First, consider a 3 duof. parallel arm [2.4,8) consisting of
three limbs, cach having one active prisinatic joint, with its
uppcrend co]]]i(.[ted tothe Last plate through a passive pin
joint and its Jower end connected to the moving plate through
a passive ball joint, as shown in Vig .2a. In ¥ig.2a, for b &,
k., 1,2,3,dy is the position of the prismatic joint, zp C1**!
is a unit vectoralong the positional axis of the prisinatic joint,
ux ¢ R3* is a unit vector along the rotational axis of the pin
joint, which is notmal to zy, and px € R**! is the position
vecton from the end-eflfector on the moving plate to the ball
joint.Inwhat follows, allposition and velocity vectors of an
ann are asswned to be expressed with respeet to the base
frame fixed to the baseplate.

With v € R® and w ¢ R®*! being the ucar and an-
pular velocities at the end-eflector, the lincar velocity at the

b)

Figure 2: @) 3 d.of. parallel amin and b) 3 d.o.f. scrial ann.

upper end of ik, vi ¢ R¥ &= 1,2,3, is obtained by

Vi VWX py. (2)

Since a parallel arin under consideration 1S constructed in

such a way that v, k= 1,2,3, is allowed only in the direction

of 7, and shouldlie onthe plane perpendicular to uy, we have
(8]

g Ve = dy, ()

w-vy o= 0. (3)

Plugging (1) into (2) and (3), and with d & [ dy dy dy r €

R and x [ w! ]t € Roex,

Bx - 4, @)
B,x = 0, ()
where
2 (P X 7))
B, - 7 (p2 X 72)t | € R¥*S,
1 t
7y (ps X 73)
wh o (pr X wy)! (6)
B, - uh (pr X ug)t | € REXE,

ul (pa X us)!

(4) 1epresents the inverse kinematics of  a parallel ann, while

(5) represents the velocity constraint dueto its construction.
It should be noted that (4) and (5) together describe the 1110
tion of a parallel arin.

/



From (5), the feasible velocity space of a parallel arm is
given by the nullspace of B, A/(13,):

x € N(BY,

which is 3-ditnensional. Cornbining (4) and (5), we have

AL 2

The forward kinematic solution of a parallel arin can be ob-
tained by solving (/), which requires the computational cost

of C,(6).

From (7), the forward kincmatics of a pay allel arin can be
1epresented as

x = Ad, (8)

3.
B,
to d.1n (S), A canbe considered as the Jacobianmatrix of @
parallel avin, mapping the joint space velocity, cl, to thetask
space velocily, x.

-1
where A ¢ RO%¥ s the submnatrix of [ } correspondiug,

Next, constder a3 d.o.f.scrialarm consisting of threcrev-
olute joints, as shown in Fig.2b, where for joint k, k= 1, 2, 3,
0 is the joinl anglt, zx ¢ R¥*V is a unit vector along the
rotational axis of the joint, and py € R**! is the position

veclor from the joint to the end-cflector.

The Knear and angulat velocities at the end-cffector |, v ¢
RY and w ¢ R¥¥ generated from the joint velocity, 0 4

[i, 0,0, ]! C R¥ ) are given by [9]

vo: Jub) (9)
W ‘]wo, (|0)
where
J, - 71 X P12 X D2 73 X D3 ] ¢ R,

(11)

J, - 71 Za 73 } € R3%3,

. t A 1
With % :A[ viow! ] ¢ Rext and I 5 [ J Jé,] C
RS the forward kinematics of a serial atn is obtained by

% = J0. (12)

The feasible velocity space of a sciial avin is given by the
colummmspace of the Jacobian matrix J, C(J):

X ¢ C(I). (13)

The inverse kinematic solution of a serial atin can be ob-
tained by solving (12), which requires the computational cost
of C,(6x 3). For agivenx ¢ (I(1), the inverse kinamatic
solution represents the least squares solution of (12), which
is givenby 0:(313) 13,

Inverse Kinematics of Serial Conneclions

I'his section develops an cfficicut incthod of obtainingthe
inverse kinematics for the serial connections of two 3 d.o. f.

arms, cither serial or parallel arin. The efliciency is achieved
by solving the inverse kinematics of two arins scparately, in-
stead of solving the inverse kinematics of the serial connection
a a time.

Mcthodo]og,y

The velocity at the end-eflector of the serial connection,
X, € R® is given by

%, Xy X2, (14)
wh ere X; - vl owl p € R i = 1,2, is the velocity

of arm 7 at the end-cflector of the serial connection.  (14)
represent s th C forward kinematics of the serial connection,
and the feasibt vdoaity space of the serial connection is given
by

5{0 C (V[ O V?),

whiere V;, i = 1,2, is the feasible velocity sp ace of atn i and
'@’ represents the space addition. Assuruing that the sciial
connection of two arms has 6 d.o. f.,

V1Q)V') : }{6, 15
VoV, - 0, (15)

where /1Y 1epresents the space interscction
The inverse kinematics of the serial connection of twe
arms Iay be obtained by considering the inverse kinemat-

ics of both arius simultancously, referred to here as the di-
reet nethod. However, the co mputational efliciency may be

v A

Figure 3: The decomnposition of a giventask velocity.

achieved by separating the inverse kinematies of the serial
connection of two anmns into the inverse kincnatics of indi -

vidual atins, as follows:

let P; be the projeclion operator onto V;, and P be the

projection operator onto the orthogonal complement of Vi,
VA A given task velocity, %,, can be decomposed into two
orthogonal cotnponents:

%, = PiXod pix, (16)

where PiXe aud P{ %, ac the components of x, lyingiespec
tively 011 V;and V}'. Whisis illustrated in ¥ig.3. In (16),
Pix, can be gencrated by arm j only, while Pyx, can be
gencrated by arm i or arm .



Under the assunption of (15), the projection of x; onto
Vi, Pix;, should bethe same as Pix,:

Pis, . Pl (17)
Otherwise, X, ¢ Vo V2). Note that (17) canbe also ob-

tal ned by premultiplying (14) by Y and using Yix;- o,

Since (17) contains x; only, the inverse kinemati ¢g of arm
§ can be obtained first, independently of arm 7. With the
inver se kinematies of arm j known, fiom (14),

%ot Xe - X5 (18)
whi ch canbeused to obtainthe 1111 else kinematics of arini.

The method of solving the inverse kinematics of the se-
rial contiecligy pased on (1 #)aud (1 S), 1s1eferredto here as
the projection method. The success of the projection 1ethod
depends on

« the availability of the projection opc¢rator,

« the avail ability of the forward kinematics of individual
arms.

Note that scrial and parallel atms are reciprocal to cach othe
interms of the availability of the projection opet ator and the
forward kincmatics.

Paiallel-Parallel Type (I'-}7)

Toi the serial connection of two parallel annis shown in
Fig.la, the velocity Of armi,Xi,i:1,2, is givenby

]‘,’z . R (.],'
][9] (19
where o, € R*¥™ js the joint velocity; Bi: ¢ R¥*® and

B, ¢ R3XC are given in the form of (6), 1epresented at the
end-eflectorof the serial connection.

The feasible velocity space of the parallel-patallel type is
given by [A(13, ) & M(B2.)], and its forward kinematic so-
Jution can be obtained by solving (19) andusing (14), which
requires the approximated computational cost of 2. C.(G).

With

% - A,

-1
4. Bi. .
where A; ¢ RO s the subi patrix of [ b ] coriesponding,
Din

to di, the forward kinematics of the parallel-parallel type is

given by
X = [A L A] [’:}i (20)

Based on (20), the inver se kinematic solution of the patallel-

paralleltype can be obtaiued in the following steps:

-1
3 .
Step 1: Compute E‘j. and construct A, 7.1 ,22.

Step 2: Compute d; and d, by solving (20).

The computational cost associated with the above solution
can be approximated as the sumn of 2. C3(6) for Step 1 and
C,(6) for Step 2, which atnounts to

2- Ci(6) + C,(6).

New, based on the projection methoed, let us consider
the inverse kinematics of the serial connection of two par-
allelars as follows:

Premultipled by 334, (14) becomes
B%, = DX, (?0)
since By,x; = 0. Using Xz . Aady, we have
B, = (13,A)ds. (?2)
Wi th d; known, dy is obtained by

&y = B (% - AL (?3)

Rased on (22) and (?.3), theinverse kinematic solution
of the parallel-parallel type catibe obtained int he following
Steps: (

Step L (Iomp‘utc 1’2 and construct A,.
Il

Step 2: Compute d; by solving (22).
Step 3. With d; known, compute d, using (23).

The computational cost associated with the above can be
approxiinated as the sum of C:(6) for Step1,[C,. (3 x 6 x3)-
Cr. (3 % 6)4C.(3)] o1 Step 2, aud [C,. (6 X 3) -1 ({3 x 6)]
for Step 3, which amountsto

Ci(6) 1 C,, (3 X 6 X 3) 13-C,, (3%6)-1C,(3).

Scrial-Parallel Type (S-P)

For the scrial connection of serial and parallel arris shown
mFig.1b, the velocity of atni, %;,1=1,2, is given by

)‘(] B J]O,, (?1)
Boe ] . d,
[IIQUJ"’ ) [o}’ (29)

where 8, € R¥1is the joint velocity; J;, ¢ R®*? is the Jacc,-
bianmatrix of aun 1, represented at the end-eflector of the
serial conneclion.

The feasible velocity spaces of the serial-paralleltype is
given by [C(3;) ® N(Ba)) and its forward kinematic so-
lution can be obtained by solving (25) au d using (24) an d
(24), which requires the approximated computational cost of
[C(6 x 3) 4 L",(6)].



With x, , Ag(.lg, th ¢ forward kinematics of the scrial-
parallel type is written as

% = [h AQ][b‘} (26)

dy
Basced on (26), the inverse kinematic solution of the serial -
parallel type €471 be obtain in the following steps
Step 1:  Compute A,
Step 2: Compute 8y aud dy by solving (26).

The computational cost associated with the above solution
can be approximated as the sum of Ci(6) for Step 1 aud C,(6)
for Step 2:

Ci(6) 1 C4(6).

Now, based on the projection method, let us €onsider the
mverse kincimatics of the serial connection of serial and par -
allel arms as follows:

Premultiplied by By, (14) can be written as
};211)‘:9 : (I;Qu‘]])bly (27)

using BouX2 = O and %1: J101. Note that an expiession
shmilar to (27) was also obtained by Waldron ct. al for the
ARTISAN manipulator [8]s although their derivation is spe-
cific to then systemn.

With 0, known, d; is obtained by

(’]2 B ]‘21()-:0 - Jlbl)- (?8)

Based on (27) and (28), the inver se kinematic solution of
the serial-parallel type car { be obtained in the following, sleps:

Step 1. Compute 0, solving (27)
Step 20 With 0; known, compute dp using (28).

‘The computational cost associated with the above solution
can be approxiinated as the suinof [C,, (3% 6 X3)-1 C.. (3 X
6)-1Cs(3)] forStep 1 and [Ch. (6X3)-1 (3 x 6)] for Step 2:

Cr (3% 6% 3)18-Cri(3%6) 1 L (3).

Parallel-Serial Type (1°-S)

Yor the scrial connection o { parallel and sarial arins shown
inFig.1c, the velocity of armi, Xi,1=1,2, is given by

By, 1. d,
e 5
% = 330, (30)
Note that the parallel-serial type is dual to the serial-parallel

type interms of kinemati cs.

The feasible velocity spaces of the parallel-serial type is
givenby [MN(13,,) @ C(37)),and its forward kincmnatic so-
Jution can be obtained by solving (29) and using (30) and

(14), which requires the approximated computational cost of
[C.(6x3)-1L"(G)].

The inverse kinematic solution of the parallel: scrtal type
canbe obtained based 011

BuX, = (Byd;)0s,
dy = BL(%, - 3,6,

andits associated computational cost can be approximated
as{C,.(3x6x3)-13 C.(3x6)4 L ,(3),

Serial-Serial Type (S9)

For the sci ial connection of two sciial anns shown in
Fig.1d, th e velocity of arm 1, %;, 1= 1,2, is given by

% = i (31)

The feasible velocily space of tl,esc,ial-serial type is given
by [C(J1) @ C(I3)], and its forward kincinatic solution can be
obtained by vsing (31) and (14), whichrequires the approxi-
mated commputation cost of 2- G, (6 x3).

Plugging (31) into (14), the forward kincmnatics of the
scrial-setial type is written as

% o J"]‘[,;;]_“ (32)

Note that (32) can be considered as the forward kinematics
of a single 6 d.o. . scrial avin with arm land arm 2 as its
lower and upper parts. Th e in verse kinemati ¢ solution of the

Serial-sclial type is obtained by solving (3'2), whichrequites
the computational cost of C,(6).

! . . . .

Now, Jet us consider the inver se kineinatics of theserjal

connection of two serial ans b ased on the projection method
as follows:

Plugging (31) into (17) and (18), the inverse kinematic
solution of the serjal-serial type can be obtained by solving

Plx, . (13,)0,, (33)
3,0, x,- 3,0, (34)

wheie P{ € R®C i's the projection operator onto AM{J3Y).
Notethal for the mial-serial type, the projection operator
is not readily available but needs to be computed, while the
forward kincinatics is readily available. The computational
cost associated withthe above can be approximated by the
sum of [, (3% 6% 3)-1C,,.(3x6)-4 C,(3)] forsolving (33) and
[Cu (6 % 3) 4 C4(6 % 3)] for solving (34), as well as C,(6 x 3)

for computing 13, which atuounts to
Ch. (3x 6 x3)-1 2-C,, (3 x6) 41 C(3) 12 Co(6 % 3).

Using the Gaussian clitnination mecthod, the computational
cost of oblaining P{ may be roughly approximated as C, (6 x

3).

Thus far, the inver se kinematics has been discussed for a
general form of serial-sertal type. It is interesting to consider
the inverse kincinatics of the sclial-serial type withspecial

geomcetiy, in which certain thiee components of a given task



velocity canbe generated or affected by certain thiee joints.
Ior instance, with any three co-intersceting revolute joints,
the lincar velocity at the co intersecting point isindependent
of the thice co intersceting revolute joints []0]. Other 6 d.o.f.
scrial avins with spedial geometry include anarm wit}, three
prisinatic joints, anarn withiwo prismatic joints normal to
a revolute joint, etc.

For the serial-serial type with special geoinetry, the for-
war d kinemalics can be obtained, throughy appiopriate rota
tion and sh uflling operations, in the form of

Xe1 by 0 ;)1 .
A - N A y 35
[)':02] [J'n 322}{02} (35)

at

<ol

is the shuflled joint velocity.

4t t
where & hi::'_t is the modified task velocity and [ 0, 0, ]

had on(35), the inverse kincmatic solution can be ob
tained by solving

5‘101 : jnbl, (36)
Xo2 - Ay Oy = Jyuby, 37)

which is1eferred héie as the deco mpositioninethod. The coln-
putational cost can be approximated as the sum of (6 X
6) for computing, Xo1 and ;Ioz, C5(3) fol solving (36), and
(G (3% 3).1 C,(3)] for solving, (37), which amounts to

(6% 6)-{ C), Bx3) - 2 C3).

It is worth observing that there exists a certain relation-
ship between the decomposition method and the projection
method. The decomposition method is based onthe fact
that there exists a subset of a giventask velocity, which can
be generated by a subsct of joints. Whereas, the pr ojection
method is based onthe fact that that the re exists a subset of
a given task velocily, which canimot be genicrated by a subsct
o f joints. Nole that the decomposition wcthod is eftective
for a scrialarmwith special geometry, while the projection
mcthod is cflective for the serial connections having at. least
one parallel arm.

Compatison

et us stmmarize the computational cost associated with
the forward and inverse kinematic solutions of four types of
ser ial connections. Mo provide numerical compar ison among
solutions, we count the number Of nultiplications, using the
following approximation [1 1]:

Ci(n) =~ =
C ) ~ _] 2 1 43 .2
St X)) ¢ i L 4 51
where Gaussian elimination and backsubst itulion is assumed
to be used.

111 st, the computational cost associated with the forwar d
kinematic solutions of the serial connection's is sununarized
as {ollow.

[ type H the number of multiplications

rr 2. C,(6)~ 180
SPor| G, (6x3)4C,(6) 108
I.s

S | . 20 Cu(6x3)~36

From the table shown above, the computatior 1 cost of
the forward kinematics increasesinthe order of sclial-serial,
serial-par allel (or paradld-scl ial),and |~aralcl-paralel types.
This reflects the fact that the for ward kinematic solution of a
scrial arin can be straightfor wardly obtained at a lower com-
putational cost of C,,{6 X 3), while the foward kinematic
solution of a par allel a1 m can be obt ained at a far higher
computational cost of C,(6).

Second, the cotputational cost associated with thein-

verse kinainatic solutions of the serid connections based 011
the direct method is sumimarized as follows:

type “ the number of multiplications

r-r 2. Ci{6) + Ce(6) =~ 522
s1a C5(6) -1 C,(6) =~ 306

1-s

S-S C,(6) =~ 90

From the table shown above, the computation al cost of
the inverse kincimatics based on the direct method increases
inthe order of ser ial-serial, serial-paralel (or paallel-scrial),
and pa rallel-parallel types. This is because the Jacobi an ma-
tiix of a serialarm canbe readily available, but the Jacobian

matrix of a parallel arm needs to be coinputed at the com-
putational COSt Of Ci(6).

T'hird, the computational cost associated with the inverse
kinematic solution s of the serial connections based on the
projection mnethod is sumnnarized as follows:

type the number of multiplications
Py Ci(6)1C,.. (3%6 X 3)43.C.u(3 X 6) -1 C.(3)
~ 338
S1or Cu(3x6x3) 13 C(83%x6)4C(3)
I.s ~ 192
S-S Cr(3x6 x 3) 12-Cru(3x6)-1C(3)12-C4 (6 x 3)
~ 158

The above table shows that thie projection mnethod is more
cfficient thanthe direct method, for solving the inverse kine-
matics Of the scrial connections having at least one parallel
armn. This is due to the fact that the projection eperatos
is readily provided by a parallel arm and the Jacobi an 11 1a-
trix is made readily available by a serial arin. Note that
the projection method does not provide any computational
gain for the serial-serial type, and the decomnposition method
may be considered to be eflective for the serial-serial type
with special geornet ry, requiting the coinputational cost of
[Ch(6x o -1C (3 x 3) 12-C(3)~ 73].

Conclusion

A unified and eflicient method, referied to as the projee-
tion method, was proposcd for solving the inverse Xinernatics




for G d.o.f. serial connections of two 3 d.o.f. serial and paral-
lel inanipulators. The proposed method projects a given task
velocity ontotheinfeasible motionspace of one arm, and thus
separt ates the inverse kinemati s of the other arm fromnthein -
verse kinematics of the serial connection. Thesuccess of the
proposed method depends on the availability of the projec-
tion oper ator and the forward kinematics of two arms. The
computational efliciency of the projection method is shown
to besignificant for the serial connectioushaving atleast one
parallel manipulator.
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